Abstract. In this note we shall study the Witten multiple zeta function associated to the exceptional Lie algebra g 2 . Our main result shows that its special values at nonnegative integers can always be expressed as rational linear combinations of the multi-polylogs evaluated at 12th roots of unity, except for two irregular cases.
Introduction and preliminaries
In [8] Witten related the volumes of the moduli spaces of representations of the fundamental groups of two dimensional surfaces to the special values of the following zeta function attached to complex semisimple Lie algebras g at positive integers:
where ϕ runs over all finite dimensional irreducible representations of g. Matsumoto and his collaborators recently defined the multiple variable analogs of ζ W (s; g) and studied some of their analytical and arithmetical properties (see [4, 5, 6] ). Let ∆ + be the set of all positive roots of g and {λ 1 , . . . , λ d } its fundamental weights. Then one can define (see [4, (1.6) 
. , s).
In [13] and [14] we considered the special values of the Witten multiple zeta function attached to so(5) and sl(4), respectively. The main results state that the special values of ζ sl (4) (resp. ζ so (5) ) at nonnegative integers can be expressed as Q-linear combinations of multiple zeta values (4) (resp. alternating Euler sums, i.e., multi-polylogs (3) evaluated at ±1). For general Lie algebras we expect other special values of multi-polylogs at roots of unity should appear.
In this note we turn to the exceptional Lie algebra g 2 . Let α 1 and α 2 be the two fundamental roots of g 2 . Then the set of the positive roots is (see [2, p. 220] )
Thus by definition (1)
To study the special values of ζ g 2 at nonnegative integers we need to utilize the multi-polylog function defined by
where |x 1 · · · x j | < 1 and s j ∈ N for all j. We call w := s 1 + · · · + s d the weight and d the depth.
The multi-polylog function can be continued meromorphically to a multi-valued function on C d (see [12] ). In particular we can consider its values at roots of unity. When x j = 1 for all j we obtain the well-known multiple zeta values
If all x j are N -th root of unity for some positive integer N then we say the special value given by (3) has level N . In this case we have
Let MPV(w, d, N ) be the Q-vector space generated by the the multi-polylog values of weight w, depth d and level N . The main result of this note is the following 
We are going to need the following combinatorial lemma to prove Theorem 1.1. Lemma 1.2. Let s, t be two positive integers. Let x and y be two non-zero real numbers such that x + y = 0. Then
Proof. Take r = 2 in [15, Lemma 1].
2. Proof of Theorem 1.1
Before starting the proof we want to point out why it is necessary to exclude the two cases (s 1 , . . . , s 6 ) = (0, 0, 0, 0, s 5 , 0), (0, 0, 0, 0, 0, s 6 ). Clearly
Fix a third root of unity ν = exp(2πi/3). Then
By numerical evidence we believe
Now the real values in MPV(1, d ≤ 2, 12) are generated by log(2 cos(kπ/12)), k = 0, . . . , 5,
i.e., generated by log 2, log 3, and log( 2.1. Reduction to eight cases of three nonzero variables by Lemma 1.2.
2.1.1. General case to five nonzero variables. Taking x = m and y = n in Lemma 1.2 we see that
Five nonzero variables to four nonzero variables. With (x, y) = (m + 3n, 2m + 3n) in Lemma 1.2 (since x + y = 3(m + 2n)) we may reduce (7) to following two types of special
and reduce (8) to
Indeed, we have 
We provide the details for reduction of (9) and leave that of (10)- (12) to the interested reader.
Applying Lemma 1.2 with (x, y) = (m + n, m + 3n) to (9) We may apply Lemma 1.2 with (x, y) = (m + n, m + 2n) to (10) To summarize we have reduced the general special values of ζ g 2 to the eight cases given by (14) -(21). Moreover, if we start with a regular value then after the above reduction steps we still get regular values. A a,b (s 1 , s 2 , s 3 ) . Throughout this subsection for any positive integer N let µ N be a fixed primitive N -th root of unity. If we naïvely apply Lemma 1.2 with x = (a + 1)m + bn and y = −am − bn to (13) then we would get divergent series because of the convergence condition (5) of the multi-polylogs. Thus we need to modify it by calculating A a,b (s 1 , s 2 , s 3 ) as follows:
Computation of
where the functions B, C and S are defined as follows. For any positive integers a and s (with s > 1)
Noticing that s > 1 and therefore
we quickly see that
By the expressions for B a,b (r, s), C a,b (s) and S a (s) we clearly have
Therefore Theorem 1.1 follows from (14)- (21) immediately. This concludes the proof of Theorem 1.1.
Some Numerical Examples
We remark that the twelfth root of unity µ 12 appears essentially in the computation of (19).
For example we have
with the error bounded by 10 −100 using the computer program GiNac developed by Vollinga and Weinzierl [7] . With our current state of knowledge it is very difficult to prove rigorously that this value does not lie in MPV 3, d ≤ 2, N for any proper divisor N of 12. However, by assuming Grothendieck's period conjecture it might be possible to prove it by finding explicitly the bases of MPV 3, d ≤ 2, N using the ideas of [10, 11] . To illustrate this let us fix a third root of unity ν = exp(2πi/3) as before and consider
which lies in the Q-vector space MPV(3, 3) generated by the special values of multi-polylog of weight three and level three. Assuming a variant of Grothendieck's period conjecture, Deligne [3] constructs explicitly a set of basis for MPV(w, N ) and in particular predicts that dim Q MPV(3, 3) = 8. In [11] by using (regularized) double shuffle relations (RDS) we can explicitly construct the following basis of MPV(3, 3):
Further we can show by using RDS that
Clearly ζ g 2 (1, 0, 0, 0, 2, 0) is not a rational multiple of ζ(3) (under the assumption of a variant of Grothendieck's period conjecture) since otherwise dim Q MPV (3, 3) < 8. Therefore ζ g 2 (1, 0, 0, 0, 1, 0) cannot lie in MPV(3, 1) which is generated by ζ(3) = ζ(2, 1).
By applying our reduction process in the proof of Theorem 1.1 and then using GiNac we may also compute numerically ζ g 2 (1, 1, 1, 1, 1, 1 with the error bounded by 10 −100 . This is in agreement with the original discovery of Witten that for any positive integer m ζ g 2 ({2m} 6 ) = c m π 12m for some c m ∈ Q. It might be possible to use the techniques developed in [4, 5] to find a closed formula for c m involving Bernoulli numbers.
